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1 Introduction

The goal of Non-negative Matrix Factorization (NMF) is to decompose a matrix of non-negative (i.e., zero or positive)
elements into a product of two factor matrices, both of them containing also non-negative elements. It is common to
use the notation X for the input matrix (of size M x N), W for the first factor matrix (sometimes called basis matriz
or feature matriz, of size M x K) and H for the second factor matrix (sometimes called coefficient matriz or activation
matriz, of size K x N). The resulting factorization is often approximate:

X ~ WH (1)

The problem can thus be formulated by defining a scalar error measure D (called loss or cost function) between the
input matrix X and the output product WH, and designing an algorithm to minimize it under the non-negativity
constraint:

{W, ﬂ} = argmin D(X, WH) subject to wyk, hgn > 0, (2)
W, H

where W and H are the obtained output factors, and w,,; and h, denote the entries of the factor matrices.

Most algorithms that tackle Eq. 2, including the multiplicative update rules described here, are based on gradient
descent. In traditional gradient descent, local minima of the cost function are searched by moving in the direction
of its gradient, i.e., its direction of steepest descent. At each iteration, we move along the independent variables of
the cost function so that, after a given step length (called learning rate), the cost function has maximally decreased.
Denoting the independent variables of the cost function collectively as the parameter vector 6, and using n for the
learning rate, we have the following general update rule for gradient descent:

0,11 =6, —nVD(6,), (3)

where t is the iteration counter, and VD(8) is the gradient of the cost function, given by!

aD(8)
90,
aD(8)

VD(6) = f? (4)

aD(8)
905

To avoid the iteration indices, Eq. 3 is often written as
6+~ 60—-nVD(0) (5)

In this basic form of the update rule, the learning rate 7 is constant, but it can change along iterations (7;), or have
different values for each one of the parameters. In the latter case, we have a vector of learning rates 1, and the above
update rule can be written in compact matrix form as

6+ 60 —noVD(H), (6)

where o denotes the Hadamard (element-by-element) product. In this document, compact matrix notation will be
favored, but one should keep in mind that the update rules happen always on an element-by-element basis, so the
above equation is equivalent to a collection of update rules

aD(8)

epeopfana (7)
p

1In this document, denominator-layout notation will be used. This means that we consider the gradient of a scalar function to be a
column vector.
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one for each individual parameter §,,.

In the case of NMF, we have § = {W H}. Instead of jointly updating both matrices, the algorithms are much
simpler if they are updated in turns: in each iteration, first one matrix is updated assuming that the other matrix is
constant, and then the second. This scheme is called block-coordinate descent:

H + H-nyoVyD(X, WH) (8)
W « W —nwoVwD(X, WH) (9)

The task of deriving the update rules amounts, then, to compute the partial gradients Vw D and Vg D, and to choose
appropriate learning rates nw and ng. Now the gradients:

oD oD oD oD oD oD
0 o o o oh oh te Oh
oDt D o< oD o o’
VwD = 371')21 371')22 T 310.21( VD = 3}%21 3}%22 T ah.ZN (10)
oD oD oD oD oD oD
OJwp1 Owayz 77T Qwuk Ohx1  Ohga " Ohkn

and the learning rates nw and ny are full matrices of sizes M x K and K x N, respectively. The final form of the
update rules will thus depend on the chosen cost function D. This document will focus on three of the most popular
choices: the Euclidean distance, the Kullback-Leibler divergence and the Itakura-Saito divergence.

2 Update rules based on the Euclidean distance

Let’s start by computing the gradients Vw D and Vg D for the Euclidean distance. The familiar form of the Euclidean
distance between two vectors x and y of N elements is

deve(x,y) = V(x1 —y1)2 + (22 —92)2 + ... + (any —yn)2 =

Alternatively, we can consider the Euclidean norm:

Il = \fa? +a3 + ...+ 2% = (12)
and interpret Eq. 11 as the norm of the difference vector:
druc(x,y) = [[x -yl (13)

For matrices, the equivalent of the Euclidean norm is the Frobenius norm, given by

DIP L (14)

i=1 j=1

1XlF =

and in analogy we can define an Euclidean-like distance between matrices, which is really the Frobenius norm of their
difference:

Deuc(X,Y) = X = Y|[r=,| > Y (i — yij)? (15)

M N
i=1 j=1

To simplify the computation of the gradients, what is actually used in the context of NMF is the square of the
Frobenius norm. This gives finally the following cost function:

Dgyc(X, WH) = | X = WH|7 = Y ) “(2mn — WH]p,)%, (16)

n

where WH],,,,, denotes the mn-th element of the result of the matrix product WH. To compute the gradients of
this equation, we can proceed in two possible ways: we can either keep using compact matrix notation and resort to
matrix calculus, or we can look into element-by-element derivations. The two routes will be detailed here.
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Euclidean gradient computation using matrix calculus

We will start from one of the properties of the trace of the matrix. Recall that the trace is the sum of the elements on
the main diagonal of a square matrix. The property that will interest us here is the following:

M N

i=1 j=1

In other words, the trace of a product of matrices equals the sum of their element-by-element (Hadamard) products
(both matrices must have the same size). From this, it follows that the Frobenius norm (Eq. 14) can be rewritten as

M N
X[ =] D> 2% = /tr(XTX), (18)
i=1 j=1
and the Euclidean NMF cost function becomes:
Dpuc(X, WH) = [ X — WH][% = tr [(X — WH)” (X — WH)] (19)

We can now use the addition property of the transpose, (X + Y)? = X7 + Y7, and its multiplication property,
(XY)T = YTXT| to expand this further as

Dryc(X, WH) = tr [(XT - H'"WT)(X - WH)| = tr(X"X - X"WH - H'W'X + H*W'WH) (20

For computing the gradient of this equation, we will make use of these further properties of the trace:

e Trace of a sum:

tr(A + B) = tr(A) + tr(B) (21)

e Cyclic permutation:
tr(ABC) = tr(CAB) = tr(BCA) (22)

e Gradient of traces of product with constant matrix A:

Vx tr(AX) = AT (23)
Vxtr(XTA) = A (24)
Vxtr(XTAX) = (A+AT)X (25)
Vx tr(XAXT) X(AT +A) (26)

Let’s begin with the computation of Vi D. Eq. 21 allows us to compute the gradient of Eq. 20 term by term. For
the first term, we immediately see that Vg tr(X?X) = 0, since the term does not depend on H. For the second term,
we use Eq. 23 to obtain:

Vatr(XTWH) = (XTW)T = wTX (27)

For the third term, we use Eq. 24 to obtain:
Vatr(HTWTX) = WT'X (28)
For the last term, we can set A = W' W and use Eq. 25:
Va tr(H"WT'WH) = [W'W + (WW)" | H = 2W"WH (29)

Putting all the terms together with the appropriate signs of Eq. 20, we finally get

VuDruc(X,WH) = 2WTX + oW WH (30)

For Vw D, we proceed analogously. First, we also have Vyy tr(X7X) = 0. For the second term, we use the cyclic
permutation property and Eq. 23:

Vw tr(XTWH) = Vw tr(HX"W) = (HX")T = XH” (31)
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The third term gives, from a permutation of Eq.24:
Vw tr(H'WTX) = Vw tr(XH'WT) = XH” (32)
For the last term, we permute twice, set A = HH” and use Eq. 26:
Vw tr(HTWIWH) = Vv tr( WHHTWT) = W [(HHT)T + HHT} — oWHH” (33)

And putting the terms together:

VwDruc(X, WH) = —2XH" + 2WHH" (34)

Euclidean gradient computation using elementwise derivations

Alternatively, we can compute the gradients using traditional element-wise derivatives. We will first use the definition
of matrix multiplication:

k
to expand the cost function of Eq.36 to:

Dxuc (X7 WH) = Z Z(xmn - WH|mn)2 = Z Z(Inm - Z wmkhkn)2 (36)
n k

m n m

We wish to obtain the matrix gradients of Eq. 10 element-by-element by computing the partial derivatives with
respect to particular elements at indices 7 and j. We will start with the gradient for W

dDguc(X, WH)
EUe aw” Z Z LTmn — Z Wmk hkn (37)

ow;;

m n

Using the chain rule, we have

(911}” Z Z Tmn — Z wmkhkn =2 Z Z [ Tmn — Z wmkhkn xmn Z wmkhkn (38)

m n

Because 0%,y /0w;; = 0, the derivative that needs to be computed is

0
awij zk: Winkhien, = aTij(wmlhln + Wmahop + ...+ mehKn) (39)

From this expansion, we see that the derivative will only be non-zero if m = %, in which case its value will be hj,:

0 0 hin if m=i
E mkPen = —— WH|,, = Jn . 40
Qwij < Ok | { 0 if m#i 10

This result allows us to simplify Eq. 38 by eliminating all zero terms, i.e., by eliminating the summation over m by
setting m = 4, finally obtaining the derivative:

aDEUC(X’ WH) =2 Z (xin - Z wikhkn jn ‘| = -2 Z -Tmh]n + 2 Z Z Wikhrnh jn (41)
n k

8’U}ij

To put this back into matrix form, we use the fact that ABT\ij =, Qikbjk:

Dguc(X, WH
ODsuc(X, W ):—ZXHT\ij+22(WH\in)hjn:—QXHT\Z»J»+2WHHT|U (42)

awij
We have obtained the same gradient as before (Eq. 34). Let’s now derive wrt h;;. Using the same logic, we now find:

Wms if n:j

0 0
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and now the derivative is

aDEU%(th WH) = -2 Z T Wms + 2 Z Z wmkhkjwmi = -2 Z WiniTmg + 2 Z Wi Z wmkhkj (44)
1] m m k m m k

and using ATB|U =D akibjx:

0Dgryc(X, WH)
ﬁhij

= —2W'X[;; + 2wy WH|,,; = —2W'X];; + 2W WH]; (45)

From additive to multiplicative update rules

Having obtained both gradients Vi D (Eq. 30) and Vw D (Eq. 34), we can now put them into Egs. 9 and 8 to obtain
the block-coordinate gradient descent algorithm for Euclidean NMF:

H « H+nuo(W'X-WT'WH) (46)
W « W+nwo (XH" - WHH?) (47)

Note that the scalar 2 can be ignored, since we can consider that it is absorbed into the learning rates.

In conventional gradient descent, all the elements of the learning rates mg and mw are positive. Due to the
subtraction present in both update rules, this can produce negative elements, violating the non-negativity constraint.
To avoid this, Lee and Seung proposed in 2001 [3] to use data-adaptive learning rates that would make it impossible to
obtain negative elements. The trick is to define the learning rates so that any subtraction dissapears from the update
rule. For H, if we set:

H
= =~ 4
H WTWH (48)
(the fraction line is used here to denote element-by-element division) then the first update rule becomes:
H<—H+LO(WTX—WTWH)—H+HO WX — oWTWH—Ho WX (49)
WTWH B WTWH WTWH =~ WTWH
Analogously, for W we can set:
- W (50)
™= WHHT
to turn the second update rule into:
W T T XH” WHH” XHT
WW+_——o(XH -WHH )= W+Wo_—F- -Wo_——F-=Wo __——+— 51
W EET ) =WAWeogaar W wamr Y O waRr OV

The additive update rules have thus been transformed into multiplicative update rules, which cannot generate negative
elements since all values are positive and only multiplications and divisions are involved at each update:

wTX
HeHe rwn (52)
xXH”

Choosing the adaptive learning rates in the form of Eqs. 48 and 50 to avoid subtraction is equivalent to deriving a
multiplicative learning rule of the generic form

V, D(0)
0+ 6o m (54)

where we put all the negative terms of the gradient in the numerator (V4 D(0)) and all the positive terms in the
denominator (Vg D(6)).
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3 Update rules based on the Kullback-Leibler divergence

Another commonly used cost function for NMF is based on the Kullback-Leibler (KL) divergence, whose original
definition as a measure of similarity between (discrete) probability distributions p and g is:

Drkr(p.q ZP log (55)

In the context of NMF, what is actually used is the generalized KL divergence [3]:

DKL<p,q>:Z[<>1og8— <>+q<>} (56)

In matrix form, and adapted to our NMF problem, this becomes:
T
DKL X, WH Z Z (xrrm 1Og WIiInr — Tmp + WHmn) (57)
We first compute its derivative wrt w;;:

aDKL X WH mn
Tx] Z Z ow;;j (xmn log WH|mn> + Z Z aw” WH]|,.., (58)

We already encountered the derivative of the last term during the derivation of the Euclidean update rules (Eq. 40),

so the last term becomes 9
;; %WHLM = ;hjn (59)

For the first term, we can use log(a/b) = log(a) — log(b):

0 Tmn 0 0
mnl = LImn 1 mn 1 H mn) — —dmn 1 H mn 60
Fon (x 8 WHp ) " (logx og WH|;p) = —2 Juwg; %8 WH] (60)

Using the chain rule for logarithms of functions:

0 f(z)/0x
—1 = 1
o lostr () = 8 (61)
we obtain 5 9
x,
_ 1 H — mn H 2
“”"”awij 0g WH|mn WH|mn 8www fmn (62)
Using again Eq. 40 we finally get
0Dk (X, WH) _ Tinh Linljn
o =5 (e )+ Y (63)

To put this into compact matrix notation, we can imagine a matrix A whose elements are a;; = x;;/ WH]|,;, so that
we can write the first term as a matrix product:

Since A has been constructed on an element-by-element basis, we can write

X
A= 65
WH (65)
We can finally put the remaining term ) hj, into matrix form by observing that it builds a matrix whose elements
are the sum of the current row of H or, alternatively, the current column of H”. This column-summing result can be

obtained by a matrix multiplication with a matrix of ones:

> hjn=1H"|; (66)
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Putting all this together we get the matrix gradient:

X
Dgr(X,WH) = - ——H” + 1H”
VwDkr(X, ) W + (67)
Proceeding likewise for h;;, we get
8DKL(X, W H) Lmj Wmi T T
mi — A ij 1);;
i, ZWH|mJ+me WAL + WL (68)
and thus:
X
_ w7 T
VaDg (X, WH) = - W' o + Wi (69)

Setting the adaptive learning rates of Eqgs. 46 and 47 to avoid subtractions, or alternatively using the heuristic of Eq.
54, we obtain the following update rules for NMF based on the Kullback-Leibler divergence:

wT_X_

H<—HOW7TWiH (70)
X [T

W<+ Wo V‘;I;_IT (71)

4 Update rules based on the Itakura-Saito divergence

The Itakura-Saito divergence was originally proposed in 1968 [2] as a measure of the similarity between two spectra p

and ¢:
p(i) p(i)
Dys(p.q) = [ ~log 28 — 72
s =D |y 8 12)
It has been adopted as a cost function for NMF, especially for audio applications [1]. The cost function becomes:
Drs(X, WH) Z Z Tn__jog 2mn g (73)
WH|mn WH|,,.,,
Deriving wrt w;:
0Drs (X, WH)
— mn g - log WH| 0, 4
6wb] ;Zﬂ:x WH|mn ZZ ow . | (74)

We’ve already encountered the derivative of the second term in Eq. 62:

ZZ@Z log WH)| .., = ZWH|m (75)

For the first term, we use the reciprocal rule of derivation:

9 1 —0f(zx)/0x
Ox f(z)  [f(x)?

to get
0 1 -1 0

8’[1)2‘]‘ WH|mn - (WHlmn)2 8’[1)2‘]‘

and again using Eq. 40 and putting the previous equations together:

WH|,.,, (77)

aDjs(X,WH) - Iznh]n hjn
D = zﬂ: ( + zﬂ: (78)
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Introducing the matrices a;; = x;;/(WH]|;;)? and b;; = 1/WH)|;; this simplifies to
0Drs(X, WH
% = — Z ainhjn + Z binhjn = —AH”|;; + BH|;; (79)
(¥ n n
And in matrix form we have X 1
A=—— B=— 80
(WH)°2 WH (80)
where °2 means element-wise power and 1 is a matrix of ones, thus getting the gradient
VwDrs(X, WH) = 2. L I ¢ U (81)
WIS ) - (WH)02 WH
Similarly, for h;; we have
ODIS (X,WH) xmjwmi Wmi T T
—_— = =-W"'A|;;, + W'B|;, 82
o 2w, T2 WH,, i + WBJ; (82)
and finally
VaDrs(X,WH) = WX +WTL (83)
HTSA (WH)°2 WH
Using the same procedure as before, we get these multiplicative update rules:
WT X
WH)°2
H ¢ Ho—— U0 (84)
WH
X _ HT
W Wo W (85)
1 gr
WH
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